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Abstract

This online supplementary material contains the proofs of all the theoretical results
in the main text.

1. Appendix A provides the statistical theory when the error and covariates are in-
dependent.

2. Appendix B contains the proof of Proposition 4.1 regarding the smoothing bias.

3. Appendix C contains the proofs of Proposition 4.2 on local restricted strong con-
vexity property, and Theorem 4.1 on £;-penalized SQR estimator.

4. Appendix D provides the proofs of Theorems 4.2 and 4.3, regarding the rate of
convergence of the iteratively reweighted £;-penalized SQR estimator.

5. Appendix E contains the proofs of Theorems 4.4 and 4.5, regarding the strong
oracle property of the iteratively reweighted ¢;-penalized SQR estimator.

6. Appendix F contains the proofs of the results in Section A.

All of the probabilistic bounds are non-asymptotic with explicit errors. The values
of the constants involved are obtained with the goal of making the proof transparent,
and may be improved by more careful calculations or under less general assumptions
on the random covariates and error distribution.

A Regularized Smoothed Quantile Regression under Independence

In Section 2.2, we discussed the bias induced by smoothing. Recall that 3, € argmiflpeRp On(B3) is
the population minimizer under the smoothed quantile objective, where Q,(3) = E{Qx(3)}. Propo-
sition 4.1 shows that under a Lipschitz condition on the conditional density fg(-), the smoothing
bias ||3, — 8|2 is of the order h%. The assumed sparsity of 3* € R”, however, is not necessarily
inherited by 3;. Therefore, there is a statistical price to be paid by not having a sparse 3, after
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smoothing. This results in stronger growth conditions on (s, p) in Theorem 4.3 and Theorem 4.5.
Specifically, we have shown that with suitably chosen penalty level A and bandwidth A,

— [s+1
189 - 8%l < 5+ log(p) (weak oracle property)
n

with probability at least 1 — C;p~! as long as £ 2 log(log p) and n 2 s log(p). In addition,

B\(D = E"m (strong oracle property)

813, 5% log(p)).

In the following, we show that under a stronger independence assumption between the random

with probability at least 1 — Co(p~' + n~!) as long as £ 2 log(s) and n > max({s

feature vector & and error variable &, smoothing only introduces bias on the intercept, and therefore
3, preserves the sparsity of the true parameter 3*. This observation guarantees that we pay almost
no price for estimating 32 := (B3, ..., ;)" with the use of convolution smoothing. It is worth notic-
ing that such an independence assumption is typically stringent in the context of quantile regression,
whose main feature is the ability to capture heterogeneity in the set of important predictors at differ-
ent quantile levels of the response distribution. The results of this section complement the existing
theory for composite quantile regression in high dimensions (Zou and Yuan, 2008; Bradic, Fan and
Wang, 2011).

(B1*) € € R and « € RP are independent, and the function m(a) := E{¢;(¢ — @)} has a unique
minimizer by, where () is defined in (2.5). The density function of &, denoted by fz(:),
satisfies f(0) > 0 and |fz (1) — fe(v)| < lplu — v| for all u,v € R and some [y > 0.

Proposition A.1. Assume Conditions (B1*) and (B2) hold. Then, 3; is the unique minimizer of
Ox(-) and satisfies B3; = (8] + by, B2")". Provided that 0 < & < fy/(c1lp), we have

Ibal < locxy” £y "2, (A1)
where c1 = k1 + Ké/z and fo = f:(0).

Remark A.1. According to (4.1), the first and second derivatives of @ — m(«) are

00

m'(a) = foo KWw)Fge(a — hu)ydu — 7 and m”(a) = E{Kj(a — &)} = f K@) fo(a — hu) du,

o0 —00
where F. and f. denote, respectively, the distribution and density functions of €. Moreover, note
that limy—co m’ (@) = 1 — 7 and lim,—, o, m’ (@) = —7. Provided that F(-) is strictly increasing, there
exits a unique by, for which m’(by) = 0. In other words, by, is the unique minimizer of m(-).

Under independence, our first result is on the weak oracle property, which is in parallel with
Theorem 4.3.

Theorem A.1. Assume that Conditions (A1) and (B1*), (B2) and (B3) hold, and there exist | >
ao > 0 satisfying (4.16) with f; replaced by fy = f:(0). Let the penalty level A and bandwidth

h satisfy 1 < o4 +/log(p)/n and o fo ! vslog(p)/n < h < fo. Under the beta-min condition

||ﬁf§||min > (g + a1)4 and sample size requirement n > slog(p) + ¢, the multi-step estimator ,/8\(‘))
with € > [log(log p)/ log(1/6)] satisfies, for any ¢ > 0,

-~ % _ s+t - " _ S+1
1B - Billa < £y \/7 and |89 =Bl < fy's'? \/7

with probability at least 1 — p‘] — e, where § = 4 + {¢q'(0)}? /(oK Jfovp)-
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To establish the strong oracle property, we first refine Proposition 4.3 on the oracle estimator.

Proposition A.2. Assume Conditions (B1*) and (B1’)—(B3’) hold. For any ¢ > 0, et the sample
size n and the bandwidth & = A, be such that n > s + r and (s +t)/n < h < 1. Then, the oracle

estimator E"ra satisfies
— . o [s+t
ISY2B° = Bisll < £y | = (A2)

, Where S := Ygg = E(wswg). Moreover,

with probability at least 1 — 2¢~’

s+t
<

LS W, (A.3)

HS—I DB - Bl)s + S—l/Z% 21{ K((by — €)/h) - T}wi,S‘

with probability at least 1 —3e~, where D;, = m” (b;,)-S with m(-) and b, defined in Condition (B1*).

Finally, Theorem A.2 below relaxes the sample size scaling required for the strong oracle prop-
erty given in Theorem 4.5.

Theorem A.2. Assume that Conditions (A1), (B1*) and (B1’)—(B3’) hold, and

max |2 ;s(Zss) 'l < A (A4)
jeSe

for some A; > 1. For a prespecified 6 € (0, 1), suppose there exist constants @] > g satisfying
(4.20) with ¥« = x;f:(0)/2, and the beta-min condition ||,6:§||min > (ap + ap)A with the penalty
level A < +flog(p)/n. Then, with probability at least 1 — 2p~' — 517!, B0 = 3% for all £ >

|'10g(s1/ 2/6)/ log(1/6)1, provided that the bandwidth /4 and sample size n are subject to

1 2
max ‘,sog(p)’ > <shsg 1.
n  nlog(p)

B Proof of Proposition 4.1 in Section 4.1

We derive an upper bound for |3, — 3%||s via a localized analysis exploited by Fan et al. (2018).
Define the local vicinity ®, = 8" + Bx(h) of 3*. To begin with, it is unclear that whether 3, €
argminﬁeRp Qn(B) falls into this local region. Instead, we consider an intermediate vector ,@Z =
(1-n)B8" +npB,, where n = sup{u € [0, 1] : B* +u(B; — B) € Oy}, which is the large value between
0 and 1 such that the corresponding convex combination of 3* and 3; falls into @p. If 3; ¢ ©,
then 7 € (0, 1) and ,6; falls onto the boundary of @y, i.e., IIBZ - B*lls = h; otherwise if 3; € O,
n = 1 and hence 62 =B;.

By the convexity of 8 +— Q;(3), the optimality of 3,, and Lemma F.2 in the supplementary
material of Fan et al. (2018), we obtain that

0 <(VOu(B)) - VOB, B8] - B
<7 -(VOu(B}) - VOu(B"). B} — B) = (-VOu(B). B] - 8. (B.1)

Applying the mean value theorem for vector-valued functions yields

1 0
VOi(B]) - VOu(B) = fo V2Ou((1 - B +1B))dt (8] - B), (B.2)



where V20,(8) = E{K,((z, B — B*) — &)xx")} for B € R”. With § := 3 — 3*, note that

E{Ky(z"8 — &)z} = % f B K(:”Ti_ t) f(0) dt = f " K0 fy ("0 — ) dut

By the Lipschitz continuity of fz(-),
E{Ki(x'd - )|z} = fy2(0) + Ri(d) (B.3)
with R, (9) satisfying |[R,(8)| < lo(|z"d| + k1 /). Substituting (B.3) into (B.1) and (B.2) yields
(VOB - Vou(B"). B} - B
> 18} - 87} - %OEK:B, Bl - B —lokih - 18] - BII
> 18]~ 815~ Dy 18]~ B1, ~ loxih - 18]~ 81, (B.4)

where J = E{fy(0)xzx"}.
On the other hand, we have

(=VOu(B"). B, - B < I 2VQuB2 - 1B, ~ B'l=,
where VQ,,(3*) = E{K(—&/h) —t}x. Using integration by parts and a Taylor series expansion yields
E{K(-¢/h)|z} = f K(—t/h) dF g (1)

= _% f N K(=t/h)F () dt = f ) K(u)F o (—hu) du

[ee)

00 —hu
. f K@ fo (ot — foye(0)) dt du,

from which it follows that [EK(—g/h) — 1| < %"thz. Consequently,

_ l
=712V 0,8 = sup E(K(-e/h) = TWE™ 2, u) < Zil’. (B.5)
ueSP-!
Putting together the pieces, we conclude that
* T * lO 2 T *
(=Vou(B"),B, -8 < EKZh 18, = B7ll=- (B.6)

Recall that f;,(0) > f; > 0 almost surely and ,BZ € 0. Together, (B.1), (B.4) and (B.6) imply
fi- 18} = B°13; < (0.5u3 + 0.5k + k1 )loh* - 18] - B7 s
Canceling ||,8; — B*|ls on both sides gives
y loh coloh
||/BZ - B lls < (0.5u3 + 0.5k + «1) %h = ij)

=ico

h.

Provided that & < f;/(colp), [3}: falls in the interior of @y, i.e., ||BZ — B%|ls < h. By the definition
of B; in the beginning of the proof, we must have 3; € ©,; otherwise if 3; ¢ ©, BZ lies on
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the boundary of ®;, which leads to contradiction. Consequently, 3; = BZ satisfies the claimed
bound (4.3). Moreover, by (B.4), Oj(-) is strictly convex in a neighborhood of ,BZ, thus verifying
the uniqueness claim.

Next, to investigate the leading term in the bias, define the remainder

Ay =372VOu(B;) - VOuBY) - J(B; - B9} = 71238, - B - T2VONB).
Once again, using the mean value theorem for vector-valued functions, we find that
1
Ay = {2—1/2 f VZOu(1 - 0B +18;) dr =2 — Jo}E”z(ﬂZ - B, (B.7)
0

where Jo = 2712J2712 = B{f,4,(0)z2"} and z = X~/2z. Under Conditions (B1) and (B2), we
derive that

1
Hz—lﬂf V2Ou((1 =B +18;) dt =71 — J,
0

2

1 00
- HE fo f Kl a6, 8L = B7) = hit) — fy(O)) duedt 22"

2

1 oo
<ly sup Ef f Kw) (|, B;, — B™)| + hlul) dudt (z"u)?
0 —00

ueSr-1
l * sk
<2 sup E{lx. 8] — BNE"w)} + lokih

ueSr-!

l * *
< 24318} = B'lls + loxi .
This bound, together with (B.7), implies
1Anll2 < I0(0.543118, = Blls + «ilIB, = Bl (B.8)

From the earlier bound (4.3), we see that ||Ayll, < k.
Turning to the gradient VQ,(3*) = E{K(—¢&/h) — t}x, we apply a second-order Taylor series
expansion to Fg; to conclude that

00 —hu
E{K(-g/h)x} -1 = f K(u)jo‘ {felx(®) = fei(0)} dt du

1 00 —hu t
= Kol f )+ f fo fo KW £ () = F(O)} dv d duc

Under the Lipschitz continuity assumption on f_, this further implies

|

Hz—l/zvgh(ﬁ*) - %thz : E‘I/ZE{f;m(O)w}‘ < %K3h3- (B.9)

2
Finally, combining (B.8) and (B.9) proves (4.4). |

C Proofs of Results in Section 4.2

Recall from (4.10) that w, = w;(8*) and w,(B) = V@,(ﬂ) - VOu(B3), B € RP. We start with the
following two lemmas that will be needed in proving Proposition 4.2 and Theorem 4.1.



Lemma C.1. Let z = X722 € R” be the standardized feature vector which is isotropic, i.e.,
E(zz") = I,. Under Condition (B3), the k-th (k > 3) absolute moments of all the one-dimensional
marginals of z are uniformly bounded: y := sup,,ccp-1 Elz"ulf < k!v’(‘). In particular, y; < ,ué/ 2= 1.

Lemma C.2. Assume Conditions (B1)—(B3) hold. Then, for any 7 > 0,

2t 2t
lw, |l < UoO‘m[\/{T(l -7)+ Ch?})=— + max(1 - 7,7)— (C.1
n n

—t

holds with probability at least 1 — 2pe™, where C = (1 + 1)lyg«>.

C.1 Proof of Proposition 4.2
Given r, [ > 0, define the local cone-neighborhood of 3*
O =0r)={BeR’:.8-06"Bxs()NCx)}, (C.2)

where Bsx(r) = {0 € R? : ||d|ls < r} and Cx(I) = {6 € R? : ||8]|; < [|d]|x}. Since the smoothed
quantile objective (2.4) is convex and twice continuously differentiable, it follows from (4.1) that

D(B) :=(VOu(B) - VOu(B"), B - B*)
- Z{ (E2) - &2 0 ©3)

Fori=1,...,n, define the events E; = {|lg;| < h/2} N {{x;, B — B/IIB — B*lls < h/(2r)}, on which
ly;i — a:lTBI < hfor any 3 € B* + Bx(r). Since k; = miny,<; K(u) > 0, D(3) can be lower bounded as

D(B) = — Zm,ﬁ B 1k, (C4)

where 1, is the indicator function of E;. Thus, it suffices to bound the right-hand side of the above
inequality from below uniformly over 3 € @.

To deal with the discontinuity, we use the following smoothing technique from Loh (2017),
which turns the objective into a Lipschitz continuous empirical process. For R > 0, define the

function
u?, if Ju| < 2,
or(u) = Y {u - Rsign@)y, if § <lul <R,
0, if |u| > R,

which is R-Lipschitz continuous, and satisfies
@er(cu) = *or(u) forany ¢ >0, w?1(jul < R/2) < or(u) < u?1(|lu| < R). (C.5)
Together, (C.4) and (C.5) imply

_Db@B)

B-gg = Z%@»«w»ﬁ B8 - Blls) - xi 6

=:Do(B)



where y; = 1(l&;| < h/2).
In the following, we bound the expectation E{Dy(3)} and the random fluctuation Dy(3) —
E{Dy(B)} over 3 € O, respectively. For the binary variable y;, using Condition (B1) we have
/2

[ECxilzi) — hfee(0)] < f [fota(t) = fo(O) dt < loh* /4. (C.7)
—h/2
Moreover, write d = 3 — 3* for 8 € ©, and define the one-dimensional marginal &5 = £"/||9]|x
such that E(fﬁ) = 1. Provided & < f;/(2lp), it follows from (C.5) and (C.7) that

7
E{en/on(x;0/116lls) - xi} = Blen/on(és) - xi} = gfzh (1 = B{E5 Ligsohyan)-

For any u > 0, by the sub-exponential condition on = € R?, we have

E{&5 105 > w)) = 2B {j; t-1(&sl > 1) - L(lgs| > u) dt}

=2j(; f'E{]l(Ifal>t)-ﬂ(|§5l>u)}dt+2f t-P(&s1 > 1) dt

u
00

= W’P(&5] > u) + 2v; f t-P(és/vol 2 1) dt

ufvg
(o]

< uPe Vo 4 21}% f te”! dt
u/vo

= (u? + 2uou + 2v(2))e_”/”°,

where the third equality follows from a change of variable. As long as r < h/ (ZOU(Z)), taking u =
h/(4r) > SU% in the above bound yields E{§§1(|§5| > h/(4r))} < 1/4. Consequently,

21
inf B{Do(B)} > — f; aslong as 20vir < h < fi/(2lo). (C.8)
Be6 32

Next we evaluate the random fluctuation term

Q:= sup [Do(8) — E{Do()}I- (C9)
seCx ()

Write ws(i, &) = on/n(@;0/10llx) - xi/h, so that Do(d) = (1/n) 37, ws(x;, &;). By (C.6) and
(C.7), and the fact that pr(u) < (R/2)|u|, we have

0 < ws(xi &) < @r)2h and Bwj(zmi, &) < (4r)72 - 9f,h/8.

With the above preparations, we apply Theorem 7.3 in Bousquet (2003) (a refined Talagrand’s
inequality) to conclude that, for any ¢ > 0,

1 [ 3 [he  hot
Q<EQ+EBY2— /= + Zf124rn" /= + L
- +EY 2r N n - 2f” 4 n  (4r)?3n

312 4\/@ ht
EQ + zfu (4r) " + 4+ 1/3)(4}’)211 (C.10)

<

&

t

with probability at least 1 —e~, where the second step follows from the inequality that ab < a®/4+b?

forall a,b € R.



It then remains to bound the expectation EQ). By Rademacher symmetrization,

n
EQ < 215{ sup lz eiwg(a:i,si)},
seCs() M 45
where e, ..., e, are independent Rademacher random variables. Since y; = 1(|lg;] < h/2) € {0, 1},
ws(x;, &) can be written as wg(x;, &) = h‘lgoh/(z,)()(ia:l?(S/lléllg). By the Lipschitz continuity of
©r(+), ws(x;, &) is a (2r)~'-Lipschitz function in xiz;d/|10]ls, i.e., for any sample (x;, &;) and pa-
rameters 4,9’ € R?,

1 ’ ’
lws (i, &) — ws (i, &) < ZIXI"B,T(;/”(s”Z - xix;0' /110" lIs|- (C.1D

Moreover, wg(x;,&;) = 0 for any § such that y;x!d/||d|ls = 0. To use Talagrand’s contraction
principle to bound the Rademacher complexity, define the subset 7 C R”"

T={t=(t1,....t,)" : t; = (xixi, 0/|0llx),i = 1,...,n, § € Cx(D)},

and contractions ¢; : R — R as ¢;(1) = 2r/h) - ¢pjr (). By (C.11), |¢(t) — ¢(s)| < [t — s| for all
t, s € R. Applying Talagrand’s contraction principle (see, e.g., Theorem 4.12 and (4.20) in Ledoux
and Talagrand (1991)), we have

n

1
EQ < 2E{ sup — Z eiwa(wi,&‘)}
seCs() 3

1 1 v
;E{ sup — Z €i¢i(li)}

teT I 4=

1]E 1 <& .
; Sup Ze”

1 IS
—E{ sup —Zei(xiwi,5/||5||z>}

r secs " i

IA

n

l 1
- Ef|- XiTi|| C.12
[ 2 ee] 1

P
i=1 o0

where the last inequality follows from the cone constraint that ||d]|; < [||d]|s. The problem is then
boiled down to bounding the expectation on the right-hand side of (C.12). Foreach 1 < j < p,
define the partial sum §; = Zl’.’zl e;xix;j, of which each summand satisfies E(e;x;x;;) = 0 and
E(e,‘)(,‘xl‘j)z < Ojich = O'jj(fuh + loh2/4) due to (C.7). In addition, for k = 3,4, ...,

00
k k _kj2 k—1 1/2
Ele;x;ixijl ve0 S Ch kj; 17 P(lx; Voo fde

(o]
< vgalxzch -kf et dr
0

k! -
= k!UgO'%ZCh < E . U%O‘jjch . (21}00’}]/.2)’C 2.
Following the proof of Theorems 2.10 and 2.5 in Boucheron, Lugosi and Massart (2013), it can be

shown that for all A € (0, 1/c), log Ee'Si < y(Q) := 2(%;) and

Emax|S;< inf {w}: V2viog2p) + ¢log(2p),

1<j<p 2€(0,1/¢) A



where v = v(2)0'2 cp - nand ¢ = 2vupo,. Re-arranging terms and using (C.12) yield

log2p)  2log(2
EQ < uo%f{§ 112 [hlog@p) | 2log( ”)}. (C.13)
r|2 n n

Consequently, it follows from (C.9), (C.10) with = log(2p) and (C.13) that

Q= sup |Dy(d) —E{Do(d)}|
(SECE(I)

§voa'$£{1—5 12 [hlog(2p) 510g(2p)} f1/2(4 )1 /hlog(2p)+(4 1/3)h10g(2p)
r| 8 n 2 n n (4r)n

(C.14)

with probability at least 1 — (2p)~".
Finally, from the bounds (C.3), (C.6), (C.8) and (C.14) we conclude that as long as n >
Cfu fl‘z(l /r)*hlog(2p) for a sufficiently large C depending only on (vg, o),

" (VOu(B) - VOu(B).B -5 1
BeB +Bx(NNCx () 18 - B*II% = 3K

Kifi
holds with probability at least 1 — (2p)~!, as claimed. O

C.2 Proof of Theorem 4.1

Let S C [p] be the active set of 3" with cardinality s = |S|. The symmetric Bregman divergence
between 3 = 3 and 3* is defined as

(VOW(B) - VOK(B"), B~ B") 2 0. (C.15)
The proof of Theorem 4.1 involves establishing upper and lower bounds for the symmetric Bregman
divergence (C.15).

Step 1: UppER Boun. By the first-order opt1mahty condition of (4.5), there exists a subgradient
ge GIIBII 1 such that VQh(B) + Ag = 0. Set 8= ,6 3*. By the definition of subgradient, we have

@ 6" =B <18 = 18I =183l =118 + Bl
= 185l — 18Il — 18s + Bl < 101l — 18sells, (C.16)

where the last inequality holds by the reverse triangle inequality. Substituting the first-order opti-
mality condition into (C.15) yields

(VOW(B) - VOu(B"), B - B7)
= A(G, 8" - B) + (VOu(B*) - VOB, B" - B) + (VOu(B"), B* - B)
< A(|I8sll = 118s¢l1) + IVOR(B") = VOL(B)lleo 18111 + IZ72V 048912 116]]s2,

=lw}lleo b




where Qy,(+) is the population smoothed quantile objective defined in (4.2). Here [|w} ||« is a stochas-
tic term that determines the statistical error, and b; is the (deterministic) smoothing bias satisfying
b, < lok2h? /2 due to (B.5). Conditioned on the event {1 > 2|lw; ||}, we have

(VOu(B) - VOu(B"). B - B")
< A8l — 10111 + 118111 /2) + b} 18155
A~ ~ P
< 5(3”53”1 —1ds¢ll1) + by lldlls
T
< 5528l + b} 1015 (C.17)
Since (V@h(ﬁ) - Véh(ﬁ*),a— B*) = 0, as a byproduct, we see from (C.17) that & satisfies the
cone-type constraint ||dsc||; < 3||dsll; + 2/l‘lb*||5 ||s3, from which it follows that
18111 < 4" 211812 + 247" B} 1181l < (4,5 + loko A7 H)]1Bl] - (C.18)

We then let h2 < s!/22 hereinafter, so that conditioned on {1 > 2[lw; ||}, ,5 € (B* + Cx(l) with
[ = (47;1/2 + loka) /2.

Step 2: Lower Bounp. Set r = h/ (201%). Recall from Proposition 4.2 that the RSC property
only holds (with high probability) in a local neighborhood 3* + Bx(r) N Cx(/), to which 3 does
not necessarily belong. Similarly to the proof of Proposition 4.1, we define n = sup{u € [0,1] :

B+ u(ﬁ 3%) € Bx(r)}, and an intermediate vector ,8 =(1- n)ﬁ* + 77,8 that falls in 3* + By (r). By
this definition, we have n = 1 1f,8 € ,6*+Bg(r) and VRS 0,1 1f[3 ¢ B3*+Bx(r). In the latter case, ﬁ
lies at the boundary of 3* +Bx(r). Since B B = 77(/@ B3%), by (C.18) we also have ,@ e B"+Cxs(])
conditioned on {1 > 2||wh||oo}. Consequently, conditioned on {1 > 2||lw;|le} N Erse(r, 1, k) with

k= (k1 f1)/2,
(VOUB) - VOB B~ B = mfillB - Bl (C.19)

Step 3: CoMBINING Lower AND UppER Bounps. To brldge the upper and lower bounds obtained
above, we apply (B.1) with (O, 8, ,Bh) replaced by (Qh ﬁ ,8) to conclude that

(VOW(B) - VOu(B"), B - B°) < n{VOu(B) - VOK(B"), B - B°).
This, combined with (C.17) and (C.19), implies that conditioned on {1 > 2wy |le} N Erse(r, 1, ¥,
1 T2 _ 31207 (R 3 12 42 7 1 207
§Klfl”5”2 <3S ISz + bylIdlls < S Adlls + Elokzh l191ls,
where § = 5 — 3*. Canceling ||F6-||g and re-arranging the terms yield

- 1
16]l5 < —f(3y V2612 ) 4 lokoh?) < - (3y,, 2+ loko)s' 2. (C.20)
KiJi

It remains to control the probability of the event {1 > 2||’w;;||oo} N&Epse(r, 1, k), where [ = (4)/;1/ 2
lokz)s'/? and k = (x1f1)/2. By Proposition 4.2 and Lemma C.2, we take

}log(Zp) em
n

ax(1 —1,7) (C21)

A= 2voa'w{ \/{T(l — 1)+ (1 + D)lgkah? Zloi(Zp)}’

10



so that {4 > 2||w,;[le} N Erse(r; [, k) occurs with probability at least 1 — p~las long as

o2t slog(p)
e n c h < fil o).

This certifies the error bound (C.20) for E Assume further that

1 -2 1/2 h
— + lokp)s A <r = —,
Klfl( ’)/p 0 2) ZOU%

then E falls in the interior of Bx;(r) with high probability. Via proof by contradiction, we must have
n = 1 and thus 3 = 3 also satisfies (C.20). This proves the claimed bounds. O

D Proofs of Results in Section 4.3

We first provide two high-level results on the cone property and ¢,-error bound of the weighted ;-
penalized smoothed QR estimator that solves (2.7). Recall that w, = wp(8*) € R? and b; = b,(3%),
where w;,(8) = VOu(B) — VOu(B) and by(B) = [|I=~/2V04(B)|l,. Lemma D.1 provides conditions
under which the optimal solution to the convex problem (2.7) falls in an £;-cone.

Lemma D.1. Let 7 be a subset of [p] satisfying S C 77, and let 3 € R” be such that B3 = 0.
Conditioned on {||Ag<|lmin > |lwr(B)ll~}, any optimal solution 3 to (2.7) satisfies

{1Alleo + lwr(B)lIMNIB = B)7lli + bu(BIIB - Blls
IAT<llmin — 11204(B)lleo '

Lemma D.2. Let 7 be a subset of [p] such that S € 7 and k = |77], and let A = (Ay,...,4,)"
satisfy [[Allo < A, IA7ellmin > ad for some 0 < @ < 1 and 2 > (s/y,)""/?b}. Conditioned on

I8 = B)r<ll <

the event {4 > (2/a)llw;|l~}, any optimal solution E to (2.7) satisfies B8 € 3* + Cx(l), where
I =1la,k) =2 +2/a)k/y,)""? + (2/a)(s/y,)'/*. Moreover, let r, k > O satisfy

)/;1/2(0.5akl/2 +25s" < r-k (D.1)
Then, conditioned on {1 > (2/a)||w;‘l||m} N Epse(r, 1, 1),
18 - Blle < "y, 2wl + [Asl) + b})

< K—ly[—)l/Z(O.Sakl/Z n 2S1/2)/1_ (D.2)

*

Lemma D.3 provides a probabilistic bound for the stochastic term |lw,

5”2’ which determines
the oracle rate of convergence.

Lemma D.3. Assume that Conditions (B1)—(B3) hold. Then, for any ¢ > 0,

2s +t 25+t
il +max(l —7,7) u

15712 w; glla < 3vo[ \/{T(l —7) + Ch?) (D.3)

holds with probability at least 1 — e™", where C = (7 + 1)lpk; and S = E(xsz) € R™.
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D.1 Proof of Theorem 4.2

The proof is based a deterministic analysis conditioning on the event {||'w}*l||Oo < 0.5¢'(ap)A} for
some A > (s/yp)‘l/ 2[9;. We extend the argument used in the proof of Theorem 4.2 in Fan et al.
(2018) with a more delicate treatment of the local RSC property and smoothing bias. With an initial
estimator E(O) =0, we have A? = (1,...,0)" € R”. Applying Lemma D.2 with 7 = Sand a = 1
yields that, conditioned further on the event & (1, I(1, 5), &),

1B - B°lls < kv, A(hw) gl + IAsll) + b}
< K_l{y;,l/z(l + O.5q'(ao))s1/2/1 + by}
< «710.5¢ (@) + 2}(s/yp)' A, (D.4)

where I(1, 5) = 6(s/y,)'/2.

To improve the statistical rate of B\([) = (E(g) A(f))T

1 o+ 2Pp

at step £ > 2, we need to control
the magnitude of the false discoveries of the solution obtained from the previous step, that is,
Max jese |EF/?"”|. Recall that XD = 7V 2 = @, (8D, ..., ¢, (BY D), where
gt = /lzq(t/ A) for t > 0. Since ¢’(+) is monotone on R*, large magnitudes of |//§(J.‘7_1)| indicate small
values of /15{—1)' Motivated by this observation, we construct an augmented index set 7, satisfying
S C 77 C [p], in each step and control the magnitude of ||)\%c_l)||min.

For £ =1,2,..., define the index set
Te=SU{l<j<p: 27" < g, (D.5)
which depends on E(f‘l). Let ¢ > 0 be determined by equation (4.12). We claim that
72 < @+ Ds and AT lhin 2 ¢/ (@0)2. (D.6)
Indeed, if these two inequalities hold, applying Lemma D.2 with a = ¢’(ag), k = (¢> + 1)s and
1=1{2+ 52=)(c? + D2 + —2-)(s/y,)"/? implies that, conditioned on &y (1, 1, ©),

(@) 7'(@0)
1B = Bl < &7y P (lhwy Nl + 1INl + B} (D7)
<k M0.5¢ (@)@ + 1'% + 2)(s/y,) 24
< yl],/za/ocsl/z/l = Fopis (D.8)

where we have used (4.11) and (4.12) in the second and third inequalities, respectively.

We now verify the claim (D.6) by induction on £. The claim is trivial if £ = 1, in which case
A0 = (a,...,)"and 77 = S. Next, assume that for some integer £ > 1, (D.6) holds and so
does (D.8). First we show that |[774;] < (c? + 1)s. For any j € T4\ S, qjl(|[/§(j€)|) = /15.{)) <
q' (@) = ¢/ (o), implying ﬁf)l > apA by the monotonicity of ¢’ on R™. Recalling that ,B”/f = 0 for
j € Tee1 \ S and that the bound (D.8) holds for 3© by induction, we have

[T \ SI'2 < (@) NIBY |\ gl = (@) B = 87y, sl
< (o), 218 - Bl < es'”. (D.9)
9
T
This completes the proof of (D.6).

Consequently, [Tz41] = S| + [7z1 \ S| < (¢? + 1)s, as claimed. Turning to ||\

from (D.5) that A’ > ¢'(ao)A for each j € T, .

[lmin, it follows
1
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Thus far, we have shown that the bounds (D.7) and (D.8) hold for every £ > 1. Specifically, the
latter implies 3 € B* + Bx:(ropt) for every € > 1, where rop < s'/21. Next we will show that,
when the signal is sufficiently strong and if a concave penality g, is used, the error bound 7,y can
be refined at each iteration. By (D.7), a key step is to derive sharper bounds on

-y _ -1y _ 7 (A= 2 *
IAS ||z—\/zjesuj ) —\/Zjes{cu(w,. DY and |luw] g, I

For each j, note that if I,E(j[_l)—ﬁj.l > apd, /l(jf_l) <A< a/51 |,/é(/.[_1)—ﬁ;|; otherwise if |,§(/.€_1)—ﬁ;| < apd,

/155—1) < q:l((I,B;‘.l — @4)+) due to the monotonicity of ¢/. Therefore, we have

- . = i
NSl < 11g5(8%] = a0l + ap B = B9)slla.
For [lw, T{llz, it follows from the triangle inequality and (D.9) that
llw}, 7 Il < llw] ll2 + 177\ SIY?[lw); gelleo

1 -~
% * (f 1) *
< w + —||W c ||oo -
” h,S||2 I” hS ” ||(ﬁ :8 )‘7[\8”2

< llw}, glla + 0.5¢’ (@0)ag (B = B )7 sll2.

Using the elementary inequality a + b - ¢/2 < /(1 + ¢2/4)(a? + b?) for a, b, ¢ > 0, we obtain

V1 +{g'(a0)/2}?
@

1B = Bz,

INS Pl + llwj, - 1l < 1lg3(1B%] = 2o )l + llw;, llo +
Substituting this bound into (D.7) yields

18 - B*lIs
<y g (1831 - a0 * b+ 518N - B
= Yp q, sl — @0 )oll2 + ||wh,3”2}+K nt |1€; Bls,

where 6 = /1 + {q’(afo)/2}2/(a0kyp) € (0,1) by (4.11). This proves (4.13). In conjunction with
(D.4), the second bound (4.14) follows immediately. |

D.2 Proof of Theorem 4.3

The proof is based on Theorem 4.2, in conjunction with Proposition 4.2 and Lemma C.2. With

the stated choice of regularization parameter A < 0 \/‘r(l —7)log(p)/n and bandwidth constraint,
applying Lemma C.2 with ¢t = 2log(2p) implies that [|w; [l < 0.5¢(@) holds with probability at
least 1 — (Zp)‘1 provided that 2 < v7(1 — 7)/{(1 + 7)lpk2} and n > %_]T_)T)Z log(p).

Next, we apply Proposition 4.2 to control the probability of the event E(r, [, k) from Theo-

rem 4.2, where

)(c2 P12 i}(s/m”z, k= %ﬁ

= , = 2
' 200} {( ¥ q’' (o) q’' (o)

and the constant ¢ > 0 is determined by equation (4.12). Provided that nh > f, fl‘zs log(p), Propo-
sition 4.2 guarantees that event &y (r, [, k) holds with probability at least 1 — (2p)~'.
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Moreover, recall from (D.8) that rop = yll,/ 2aocsl/ 22 and b, < lokoh? /2. As long as the band-
width £ is such that rope < r and b; < (s/yp)l/ 2}, we can apply Theorem 4.2 to conclude that,
conditioned on Exsc (7, L, ¥) N {l|lw; |l < 0.5¢"(a0) A},

1B = Bl < 8" rope + (1= 8)' & [, {llg4((B% — o)z + Ilw], gll2} + 0.5lpk2h?] (D.10)

for any ¢ > 2, where 6 = \/g/(a’()K[ﬁ’yp) € (0,1) and ||q:1((,8§ — apd);)|l> = 0 under the stated beta-
min condition. Applying Lemma D.3 to the oracle term [[w, dll», we obtain that with probability at

t
+1 +1
IS~ 2w} I uo{,lr(l — 1)+ max(r, 1 - 1) }
? n n

least 1 —e™/,
Finally, turning to the first term on the right-hand of (D.10), noting that rop < (k fl)*lsl/ 21, we

_ 1 e slog(p) _ s
s 1s1/2/ls(/qﬁ) 150-1 ,%s(mﬁ)l\/;,

provided that £ > [log(log p)/log(1/6)]. Putting together the pieces yields the claimed bounds in
(4.17). ]

have

E Proofs of Results in Section 4.4

Since the strong oracle property concerns the closeness between the estimator and the oracle, we
modify Lemma D.2 to obtain the following result. Recall that y, = y,(X) € (0, 1] is the minimum
eigenvalue of 3.

Lemma E.1. Let 7 be a subset of [p] such that S € 7 and k = |7, and let X = (1y,...,4,)" satisfy
Ao < A, ||)\7—a||mln > ad for some 0 < a < 1 and 1 > 0. Conditioned on {||'w°ra||o0 < O Sad}, any
optimal solution ,@ of (2.6) falls in the £;-cone Bora +Cx (), where l = (2 +2/a)(k/yp)1/ 2. Moreover,
let r, k > 0 satisfy

v, 2(0.5ak'? + s'2)a < r - k. (E.1)
Then, conditioned on {||w,"|l < 0.5ad} N Grse(r, 1, &),

18 = Bl < 7'y, P(lwglla + IAsllz) < &7 1y;,"2(0.5ak'2 + 5')a. (E.2)

E.1 Proof of Theorem 4.4

For{=1,2,...,let7, =8SU{j € [p]: /15.[_1) < ¢’(ap)A} be the index sets given in (D.5). Recall that

[ =1{2+2/q (@)}(c? + D'2(s/y,)!/?, where ¢; > 0 is determined by equation (4.21). Conditioned

on {[lw)™[le < 0.5¢"(a0)AIN{(IB°*=B"|lz < r}NGisc(r, 1, k), applying Lemma E.1 with a = ¢'(@¢)/2

and following the same argument as in the proof of Theorem 4.2, we obtain that |77| < (c% +1)s and
1B = Bl <« 7 NGVl + e}y, o)

<k71%,0.5¢ (@0)(c] + D2+ 1)5'2 = v apers'Pa < r. (E.3)
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Furthermore, define a sequence of index sets
Se={jelpl: B =Bl >aod), £=0,1,2,....

Given the initialization ,B\(O) = 0, the stated beta-min condition ensures Sy = S.

In order to establish the equivalence between B(f) and B‘)ra, we need to derive sharper bounds
ora
hTe

qg(@"‘”p < ¢,(B)| - apd) if j € SN S;_, and 15."‘” < A for all the remaining j. Combined with

the beta-min condition [|B3§lImin = (@0 + 1), we obtain

on Al and [w || in (E.3). For |IX§™"|l2, from the monotonicity of ¢, we see that 2" =

IAS "l < 1175185 — aodll2 + AS N Sy = AS N Sei V2.

ora

ora _
T 0 and hence

||, recall that wy's =

Turning to |Jw

ora ora

2 1/2
llwps- ll2 = llwps- sl < llwp™lel T \ SI'2.

For each j € 7;\ S, B; = 0 and /™" = ¢/(BY™"]) < ¢'(a0)A = ¢/ (ad). Hence, /™" - | =
|/’§(j[_l)| > oA, indicating j € Sy_1 \ S. Therefore, we have 7\ S C S, \ S, from which it follows
that

1/2
s lla < llwp ™ lleolSe-1 \ SI'2.

Since |8 — B°"||5; > )/;7/2”,’3\([) — B4, substituting the above bounds into (E.3) yields

1B = Bl < (IS N Se-1]'? +0.5¢" (@0)Se-1 \ SI2)y,) ™' 2

SN+ {q'(@0)/2}

< v

ISe_11'722, for every € > 1. (E.4)

By (E.4), in order to prove B(f) = B"ra for some sufficiently large ¢, it suffices to show that the
set S¢_1 is empty. By the definition of S, minjes, I,E(f) —E?ral > @pd — ||3°® — 3*||. Provided that
VI +(q(@0)/2)?

OKYp

187 = Blleo < a0 — A,

we have

1B = B)slla
apd = [18°% = B*|leo
Since Sy = S with |Sy| = s, we have |S¢|'/? < 6¢s'/2 for all £ > 1. When ¢ > [log(s'/?)/ log(1/6)],

|S¢| < 1 and hence Sy must be empty. Returning to the error bound (E.4), we conclude that B\(‘)) =
B for all £ > [log(s'/?)/1log(1/6)] + 1. This completes the proof. O

1S/'/? < <81S, V%, > 1. (E.5)

E.2 Proof of Theorem 4.5

To apply the deterministic result in Theorem 4.4, we need the following two lemmas to control
the probability of the events in (4.22). Specifically, Lemma E.2 ensures that the local RSC event
Grse(1, 1, k) holds with high probability, and Lemma E.3 characterizes all the stochastic quantities
that involve the oracle estimator.
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Lemma E.2. Let (r, ], h) satisfy
24vir=h< fi/(2lp) and nh> Cf,f; * max{s,*log(p)} (E.6)

for some sufficiently large constant C depending only on (v, oz). Then, the event Gy (r, [, k) holds
with probability at least 1 — (2p)‘1, where k = «;f;/2 and k; = miny,<; K(u).

Véh(ﬁora) € R” and oracle estimator Eora satisfy the bounds

. log(2 1 t 1 t
ot < [log(2p) +A0{\/ og(s) +1 \/s+ C;lg<p) \/S+ +h2} E7)
n n n n
s+t 9 llog(s) +1
2, + h” + — (E.8)

with probability at least 1 — p~! — 5¢7/, provided that the sample size n and bandwidth 4 are subject
to max{ V(s + 1)/n, \/log(p)/n} S h < 1.

Lemma E.3. Let A9 > 1 be the constant in (4.26). For any ¢ > 0, the oracle score w,™ =

and

(8% = B )slleo <

Returning to the main thread, we are now ready to use Theorem 4.4 to establish the strong oracle
property. Set r = h/(24v%), [={2+ q,(%m) }(c% + 1)1/2(s/yp)1/2, k = k;f1/2, and choose the bandwidth
h < {log(p)/n}l/4 so that r < {log(p)/n}1/4. Together, Lemma E.2 and Lemma E.3 with ¢t = log(n)

imply that, with probability at least 1 — 2p~! — 517!, the following bounds

T - S i (R e R My L L ()
n

n n

hold provided the sample size obeys n > max{s®/3/ (log Y3, log(p)}.

Finally, as required by (4.22) in Theorem 4.4, if we choose the regularization parameter A =
C \/W for a sufficiently large C, then the events in (4.22) hold with probability at least 1 —
2p~' — 5n~! under the scaling n > max{s®3/(log p)*/3, s> log(p)}. We have thus verified all the
requirements in Theorem 4.4, hence certifying the strong oracle property. O

F Proofs of Results in Section A

F.1 Proof of Proposition A.1

By (4.1) and the uniqueness of by, m” (@) = f_D:o K(u)fe(a — hu) du satisfies that m”’ (by,) > 0. Recall
that 8} denotes the intercept and = (1, z1)" with z_ € RP~!. Forany B8 = (B1,... Bp)t €RP,

On(B) = Ely(e = (B1 — B)) — xL(B- - B))
= ExE{lu(e — (81 - 7)) — z2(B- - BL))lz}
= E{m(B - B; + z"(B- — B))}
> m(by) = Eln(e — by) = OQn(B*), (E.1)

where B* = (B} + by, B2")" € RP. This implies that Qn(3*) = mingerr Q;(B3). Furthermore,
compute the Hessian matrix V2Q,(3) = E{Ky(z" (B — B*) — &)zx"}. In particular, V>Q,(3*) =
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E{Ku(by, — e)xx™} = m”(by)E(xx") is positive definite, so that B* is the unique minimizer of

B = Qu(B). This ensures that 3; = 8%, as claimed. O

Next we characterize the order of by, as a function of /4. Similarly to the proof of Proposition 4.1,

we define b as follows: if |by| < KZ/ 2h set b = by; otherwise if |by| > h, set b = nby, for some
1 € (0, 1) so that |b] = «)/*h. By (B.1),

0 < {m'(b) — m'(0)}b < {m'(by) — m'(O)}b = —m' (0)D.

For the left-hand side,
_ b b oo
m’(b) — m’'(0) = f m’(H)dt = f f K(u) fe(t — hu) du dr
0 0 —00

b 00
- L)+ f f Ko fo(t - hu) — fo(O)) ducdr,
0 —0
implying
' @~ O)fF = [0 ~ U ~ by B

For the right-hand side, we have |m’(0)| = | f_o; Ku){Fs(—hu) — F.(0)} du| < %’thz. Combining the
above upper and lower bounds, we find that

£:(0)b* < K2h2|b| + —|b|3 + Lokt hb* < (k2 + k163 ) loh? (B,
where the first inequality uses the fact that Ib] < K2/ h. Canceling 1b| gives

loh 1/2
bl < (k2% + &y h.
G 7o
=,
As long as clloh < fe(0), the above inequality implies bl < Kl/ 2h, By the definition of b, we
must have b = by,; otherwise IbI = K2/ 21 which leads to contradlctlon This completes the proof of
(A.1). O

F.2 Proof of Theorem A.1

By the definition of 3;, we have VQ;(8;) = 0. Replacing 3" by 8; in (4.10), the smoothing
error term b, now becomes zero. Modifying the proof of Theorem 4.2 accordingly, the conclusions
therein remain valid, but now with b;‘l =0and

* * 1 - 74
wj, = wi(B;) = ~ > (Kb~ e)/h) ~ T
i=1
Once again, the key is to show that event Exe(r,/,«) N {llw) |l < 0.5¢’(ap)A} holds with high
probability, where &y is given in (4.7) with 3” replaced by 3.
Proceed similarly to the proof of Lemma C.2 and Lemma D.3, we obtain that with probability
at least 1 — (2p)_1,

n n

e < crm{ log@p) , log(2p )}, (E2)
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and for any ¢ > 0,

_ . s+t s+t
IS7"2w; glla < \/7 + — (F.3)

t

holds with probability at least 1 — e,
Next, in order to show that Proposition 4.2 remains valid if 3" is replaced by 3, it suffices to
change the definition of the event E; in (C.4) to

Ei={|3i—bh|§h/2}m{w< h}.

IB-6lls — 2r
Moreover, note that

h/2
IEL(l&; — bul < h/2) = hfol < f \felt + bp) — fo(O)] dt < Igh* 4 + lobyh.
/2

Keep all other statements the same, we obtain that with probability at least 1 — (2p)~!, the event
Ersc(r, 1, k) with r = h/(ZOU%), [={2+ q,(zao))(c2 + D24 q,(%m) }(s/y,,)l/2 and x = k;fp/2 holds as
long as o f; ' slog(p)/n < h < fo.

With a penalty level A < o, +/log(p)/n, we conclude from Theorem 4.2 that with probability at

1 —t
o~ N 1o slog(p) o s+t
189 - Bills < o %H/% HU=0) T

least 1 — p=" — e,
holds for every £ > 2, provided that n > slog(p) +  and 0z f;; ' /slog(p)/n < h < fo, where
0= +4+ {q’(ao)}z/(aoklfoyp). This completes the proof by letting £ > [log(log p)/ log(1/6)]. O

F.3 Proof of Proposition A.2
Define the oracle smoothed quantile loss and its population counterpart as
— 1 & -
Oy(B) = ~ ) tulyi—ws) and Q)*(B) = EQ)™(B). BeR’.
i=1

With some abuse of notation, we write 3, = BZ’ s €R%and E"ra € argmingeps era(ﬁ). The concen-
tration bound (A.2) follows from the same argument that was used to prove (4.24). In particular, the
restricted strong convexity of era around (3, is established similarly as in the proof of Theorem A.1,
and the h2-term vanishes because VOB, = 0.

To prove (A.3), define the stochastic process

AB) = STVHVQI(B) - VOI(B;) -~ Du(B - B))), B eRY, (F4)

where by the independence of  and &, D, = V2 0)"(B,) = m” (by)-S. We will bound the supremum
SUPGeg; +Bs(r) IA(B) — EA(B)|]> using the same argument as in the proof of Theorem 4.2 in He et al.
(2021). It then suffices to evaluate EA(3). By the mean value theorem for vector-valued functions,

1
EAB) = 12 fo V20U (1 — 0 + 18) dr (B~ B]) — SDy(B - B7)

1
= {5—1/2 fo V2O ((1 - 0B; +1B)dtS™/2 - m”(bh)IS}Sl/z(B - B). (E.5)
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Note that, for every 3 € R?,

V2Q5(B) = E{Kn(alf - yaszls) = E{ f K@) fo(@(8 = B;) + by — hu) du - mswg}.

Moreover, write 6 = 3 — 3, for B € 3; + Bs(r) so that

(09

—00

VQQZ“’((I -0B, +18) = E{f Ku)fo(xgd - t + by — hu) du - $S£UTS}

Consequently, for any ¢ € [0, 1],

[s72v2 g - 08y + 18) 72— m b,

2

= HS-WE[ f Ku){fo(xg0 - t + by — hu) — fo(by — hu)} du msmg]s—”z

2

<lot- sup B{(zs, S~ 2u)xdl)
llull2=1

1/2 1/2
slot-( sup E(mS,S_1/2u>4) (E<m3,5>2)

llull2=1

< ul/zlort,
where 1y = sup,cqp-1 E(Z~12g, u)?. Together with (F.5), this leads to

lo
sup [EA@)I < w7, (F.6)
BeB;+Bs(r)

Furthermore, observe that

00

1
m" (by) = E{Kn(by — &)} = f K(u)fe(bn = hu) du 2 fz(0) = lo(by + k1h) 2 5 f(0),

—00

where the last inequality holds provided that % is sufficiently small. Combining this with (F.6) and
(B.31) of He et al. (2021), we conclude that for any r, ¢ > 0,

+1
, < (1 [l r)r (E7)
BeB;+Bs(r) nh

sup [[STVAHVQYU(B) - VOI(B)) - Du(B - ;)

with probability at least 1 —e ™" as long as V(s +)/n < h < 1. Taking 8 = B"ra and r < V(s +1)/n,
(A.3) follows from (A.2) and the fact that Vézra(ﬂora) =0. O
F.4 Proof of Theorem A.2

Similarly to the proof of Theorem 4.5, the proof of Theorem A.2 is based on Lemmas E.2 and E.3
with slight modifications. In the proof of Lemma E.2, change the event E; used in (G.19) to

E; = {lei — bl < h/2} 0 {Ki, B2 = B < h/4} 0 (K@i, B1 = Bl < 1181 = Balls - h/(4n)},

and keep all other arguments, the conclusions of Lemma E.2 remain valid.
Recall that w)™ = V/Q\h(,@ora). The following result refines Lemma E.3 under the additional
independence assumption.
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Lemma F.1. Let A; > 1 be the constant in (A.4). For any 7 > 0, the oracle score w)™ =

V@h(ﬁora) € R” and oracle estimator E"ra satisfy the bounds

i < o220, g f [log@Hr (o401 +logp) .
n n h'/2n
" s+t log(s) + ¢
1B = B'lle < 37 + N = (E9)

with probability at least 1 — p~! — 5e™*, provided that the sample size n and bandwidth / are subject

o Vs+n/n<shslandhx +[(s+logp)/n.

The rest of the proof then proceeds similarly to the proof of Theorem 4.5, and thus is omitted.
O

and

G Proof of Auxiliary Lemmas

G.1 Proof of Lemma C.1

Condition (B3) ensures that P(|z"u| > vot) < e’ for any t > 0 and w € SP~!. For any k > 1, this
implies
Elz"ulf = vik f 7 P(|2"ul > vor) dr < vk f #le™ dt = kg,
0

Taking the supremum over u € SP~! proves the claimed bound. O

G.2 Proof of Lemma C.2

To facilitate the proof, let & = K(—¢;/h) — 7. Taking 3 = 3* in the gradient function (4.1) yields
VOKB") = Z{K( &ilh) =Tl Z &

The upper bound for ||VQh(,8*)—VQh(,8*)||oo = I(1/n) X7 {&zi—E(&ii)}llw involves two quantities

that are related to the kernel function: E{K?*(—&/h)|z} and E{K(—¢&/h)|x}. We start with obtaining
an upper bound for E{K?(—&/h)|x}. By a change of variable and integration by parts, we obtain

E{K*(—¢/h)|x} = f ) K*(~u/h) fyja(u) du
=h f " K2(v) foyw(=vh) dv

=2 foo K(V)K(V)Fgjz(—vh) dv. (G.1)

By the fundamental theorem of calculus and the fact that F;,(0) = 7, we have
—vh
Fsl:v(_Vh) = Fslm(o) + f fslm(t) dr
0

—vh
=T+ () fe2(0) + fo {fela (1) = foi(0)} dt. (G.2)
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Moreover, it can be shown that

ag = f"" vK(WK(®©v)dv = f‘” KWw){1-KW)}dv>0 and ag <k, (G.3)
- 0

(o)

where k| = f |u| K (1) du.
Substituting (G.2) into (G.1), and by (G.3), we obtain

E{K*(—&/h)|z)

=27 f ) K(WKv)dv - 2h f,2(0) f ) vK()K(v) dv

(o)

00 —vh
+2 f fo {fetae (1) = feg ()} KK (v) dr dv

< 7 = 2aghfiz(0) + loh* - f VKWK (®v) dv

< 7+ kol (G.4)

where the first inequality holds using the Lipschitz condition on fg, in Condition (B1), and the
last inequality holds by Condition (B2) on the kernel function. Through a similar calculation,
E{K(-¢g/h)|x} = T + f_ 0:0 fo_hv{fqm(t) — feiz(0)}K(v)drdv. The Lipschitz condition on fe, then
ensures that

[B{K (—&/h)la} — 1| < %Okzhz. (G.5)
Together, (G.4) and (G.5) imply
E(&|z) < (1 = 7) + (1 + Dlgkoh? = 7(1 — 1) + CH, (G.6)

where & = K(—g/h) — 7 and C = (7 + 1)ly«>.

With the above preparations, we are now ready to prove (D.3). First, we use Bernstein’s in-
equality to bound each (1/n) 3.7 {&;x;; — E(&;x;;)}, and then apply a union bound over j = 1,..., p.
Note that & x1; — E(&1x1)), ..., &xnj — E(€xx,)) are independent zero-mean random variables, and
by (G.6),

E(&xij) = Eolx? - B@ap)} < 1(1 = 1)oj; + Cojjh?.

Under Condition (B3), we have P(|x;;| > a;.]/.zvot) < e 'forall t > 0. Noting that |£;| < max(1-7,7),
we have fork =2,3,...,

E(lixijl*) < max(1 = 7,7)°? Eg{lx;l* - B |w))
<max(1 -7, 2 r(1-1) + Chz}u’ga’;f f P(lo-J_.jl/Zx,' il = vkt dr
0
<max(1 -7, o) 2r(1 - 1) + Chz}vécr/;ézkf e dr
0
= k!max(1 — 7, ) 2{r(1 - 1) + Chz}vgcrlx.z

k! .
<5 -0+ Ch* Yo - {2max(1 — 1, T)uoa}f}" 2, (G.7)
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Consequently, it follows from Bernstein’s inequality that for every ¢ > 0,

‘1 D {éx — Bl < voor N{T(l — 1)+ O 4 max(1 - 7,02
n e n n

with probability at least 1 —2¢~". Finally, we apply a union bound to reach the conclusion (D.3). 0O

G.3 Proof of Lemma D.1

Since the objective function in (2.7) is convex, by the first-order optimality condition, there exists a
subgradient g € 9||3||; such that VQ,(8) + A o g = 0. Using the fact that the subdifferential of a
convex function is monotone increasing, for any 3 € R”, we have

0=(VOu(B) +AoG,B - B)
= (VOW(B) - VO(B), B - B) +(VOu(B), B - B) + (A og,B - B)

>0
> (VOW(B) - VOuB), B - B) + (VOu(B), B - B) + (A og, B - B)
> —|lwn(B)lliB = Bl = buB)IB - Bllss + (A oG, B - B).

In addition, by the definition of the subgradient, (A o g, B} =|Ao ,§||1. Thus, for any 3 € R?
satisfying 37« = 0, we can decompose (A o g, 3 — 3) according to the subset 7~ C [p] as

A0G,B-B)=(Aodr B -PB)r)+{Aodr (B -B)r)
> [IA7ellminll(B = B)r<lli = IATlll(B = B)r .

Re-arranging the terms leads to the stated result. O

G.4 Proof of Lemma D.2

The proof of Lemma D.2 is based on Lemma D.1 and a similar localized analysis used in the proof
of Theorem 4.1. Define an intermediate vector ﬁ =(1- n)B + 17,8 where n = supfu € [0, 1]
B* + u(ﬁ 5*) € Bx(r)}, and note that ,6 € B + Bx(r). Ifﬁ € 3" + Bx(r), B coincides with ,6
otherwise, B lies on the boundary of 3" + Bx(r) with 7 strictly less than 1.

We first show that B € B* + Cx(l(a, k)). By a variant of (B.2) and the optimality of B, we have

0 < (VOWB) - VOB, B - B") < i{VOW(B) - VOu(B"), B - B (G.8)

and V@,(ﬁ) +Xog = 0 for some g € (9||§||1. Lemma D.1 ensures that, conditioned on {1 >
(2/a)||lwy ||}, B — B* obeys the following cone-type constraint:

(oo + 103 ls)1(B = B)7 Ml + b 118 — Blls:

A< llmin — 0]l

24
< (1 + )Il(ﬁ B)7lh + ——b, 18 - B'lls
”AT‘Hmm

”)\T ”mln

< (1+2/a)ll(B = 87l + 2b311B - B'lls/(ad),

I8 = B*)7<lh <
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where the second and third inequalities follow from the assumed condition on A, i.e., 4 > ||A|| and
IA7ellmin > ad. Since A > (s/y,)~/?b7, it follows that

1B - Bl < 2 +2/a)ll(B - B)rlh +25;118 - 87l /(ad)
< 2 +2/)k (B - B)rll + 26518 - Bl /(ad)
<{Q2 +2/a)k/y)""* + 2la)(s/yp) " HIB - Blls
=t l(a, b)IIB - B'l=.

where y,, = y,(X) is the minimum eigenvalue of 3. Thus E—,B* € Bsx(r)NCx(I(a, k)). Conditioned
on the event Ec(r, [(a, k), ),

(VOW(B) - VOB, B~ B 2 «-11B - B (G.9)
Turning to the right-hand side of (G.8), we have
(VOWB) — VOB, B~ B") = (VOB ), B-B)~Nog,B-B) =T +IL.  (G.10)

It suffices to obtain upper bounds for I1; and II;. Recall that w, = V@h(,ﬁ*) - VOu(B*) and
d = 3 — B*. Then, |I1;| can be upper bounded by

| = (w}, 8) + (VOu(B), &) < llw], - LlIdr Il + 1w o lloolld7ll1 + b8l (G.11)
For I1,, consider the decomposition
(X0G.8) = (A 09)s, 05) + (A 0 Pris, 078) + (A 0 Gy, Ire)

and note that
(A 0g)s,0s) = —lIAslllds]la.

Since 35, =0andg € B, (A o Prss (B = BIMs) = (A 0 Pms, Bris) = 0 and
(Ao @re, (B - B7<) = (Ao @7, Bre) = (Ao Blrelli 2 IA7<llminll(B = 871
Combining the above equations, we conclude that
I < |IAsl285sll2 = A7l minl 7]l . (G.12)
Substituting (G.12) and (G.11) into (G.10) implies
(VOu(B) - VOu(B"). B - B")
< |lw} 21187112 + IXsll2ldsll2 + B8l = (IAT<llmin = llw], gclloo) 107 1. (G.13)

Recall that 7];5\ = 4. Provided IAlleo < A and [[A7ellmin > ad > 2||w, ||, substituting (G.9) and
(G.13) into (G.8) yields

k18113, < llw; Ll + IAsll2ldsll2 + b} l1]s
<y, M i lleo + 521Nl + B} l15 ]l
< {y;'P(K'%aj2 + s + b }lIdlls.

from which it follows that IIEIIE; < K‘l{y;”z(kl/za/Z + sV + b;}. The constraint (D.1) ensures
that 3 falls in the interior of 8* + Bx(r). Therefore, we must have p = 1 and 3 = 3. O
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G.5 Proof of Lemma D.3

Recall that w, = V@,(B*) — VQ,(B*) is the centered score function evaluated at 3* and that &; =
K(-¢&;/h) — 7. Thus, 'w}*l’s = (I/n) X1 {&ixis — B(&izis)} € R®. We first obtain an upper bound
for ||S‘1/2'wh*,8||2 = sup”ullzzl(u, S‘l/z'wz,s). Using a covering argument, for any € € (0, 1), there
exists an e-net N, of the unit sphere with cardinality [N < (1 + 2/€)* such that ||S™/ Zw;’ sl <
(1-¢7! maxqyen, (U, S‘l/zwh*’s). Thus, it suffices to obtain an upper bound for (u, S‘1/2w2’3> for
each direction u € N.

For each direction u € N, let y,,; = (u, S‘l/z{fl-a:i,S — E(¢&izx;5)}). We employ the Bernstein’s
inequality to bound (1/n) 3", ¥u.;. Note that y,,; has mean zero, and by (G.6), the variance can be
upper bounded as

var(yy,) < {r(1 = 1) + Ch?} - E¢u, SV %z, 5).

Under Condition (B3), we have P({u,S™"/?x; )| > vot) < e~ for all ¢ > 0. Noting that |&;] <
max(l — 7,7), we have fork = 2,3, ...,

E((w, S7122; 5¢)[F) < max(1 — 7, 72 Eg {(u, S™%x; o)F - B(é2|2;))

< max(1 - 7, 1) 2{7(1 — 1) + Ch* v} f P((u, S™1%x; §) > vor)kd< dr
0

< max(l -, T)k_z{‘r(l -7)+ Chz}vl(‘)kf e dr
0

= k!'max(1 - 7, ) {r(1 - 1) + Ch*}v
k!

< 3 Ar(1 = 1) + CH* g - (2max(1 — 7, T)upl 2 (G.14)

Consequently, it follows from Bernstein’s inequality that for every ¢ > 0,

1 v 2t 2t
- E Vi < U(){\/{T(l - 1)+ Ch?}— + max(1 —, -r)—l
n & n n

with probability at least 1 — e™".

Finally, we apply a union bound over all vectors u € N, and obtain

2t 2t
IS gllo < —1”_06 [\/{7(1 -7+ Ch?}— + max(1 -7, r);l (G.15)

with probability at least 1 —!°2(1+2/95~" Selecting € = 0.313 and taking t = 25 +y yield the claimed
bound. O

G.6 Proof of Lemma E.1

The proof is similar to that of Lemma D.2. We therefore only provide the key steps. As before,
construct an intermediate vector E =(- 77),750”1 + TIE satisfying 5 € B‘m + Bx(r), where n € (0, 1]
is chosen such that (i) 7 = 1 if B € B° + Bx:(r), and (ii) 57 € (0, 1) if B ¢ 8% + Bx;(r). In the latter
case, B lies on the boundary of 3" + Bx(r).

We first show that 5 € B‘”a + C(I) conditiong&i on the event {[|w)"|l < 0.5ad}, where [ =
(2 +2/a)(k/y,)'/?. By (B.1) and the optimality of 3, we have

(VOW(B) = VOLB™), B — B < (Y O(B) — VOR(B*™), B - B (G.16)
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and V@h(ﬁ) +Aog=0forsomeg € anﬁul. Following the proof of Lemma D.1 with 3 = Eora, it
can be similarly shown that conditioned on {||w)™||e < 0.5a4},

{IAlleo + llw) ™l HIB = BT 7 Il
h
AT llmin — llw},™leo

20\ = = = =
< (1 + —)Il(ﬁ =87l < (A +2/a)ll(B - Bl

”>\‘7-C ”min

(8 = B™)rell; <

Here there is no bias term because w)™ is the score function evaluated at 3°™ without subtracting

the mean. Consequently, |3 — 3|1 < 2 +2/@)lI(B - Bl < 2+ 2/a)k/yy)" B - Bl
implying 3 € 3°? + Cx (/). Furthermore, if the event G.(r, [, k) occurs,

(VOW(B) — VOL(B*™), B — B°) > kI8 — B™I%. (G.17)

Letd = B - E"ra and & = 5 - ,23\0”‘ = r]g. For the right-hand side of (G.16), by a similar argument
to that leads to (G.13), we obtain

(VOW(B) - VOK(B™™), B - B™)
< w1167z + IXsll2ldsl2 = (IAT<llmin = 0o IOzl (G.18)

Given the stated conditioning, it follows from (G.16), (G.17) and (G.18) that
k110113 < L1872 + IAsl2N0slk < v, (lwpll + IXsl)l8]ls
Canceling out a factor of ||:ﬂ|z from both sides yields

IIEIIE < K_I)/;I/Z(O.Sakl/2 +s')a<r,
where the second inequality follows from (E.1). Consequently, E falls in the interior of B"ra +Bx(r),
thus enforcing 7 = 1 and 3 = 3. This proves the claimed bound (E.2). O
G.7 Proof of Lemma E.2

The proof is based on an argument similar to that in the proof of Lemma 4.2 and also Proposition 2
in Loh (2017). Since the bandwidth /4 plays a critical role in subsequent analysis, we provide details
of the proof that highlight its connection with the sample size.

For each pair (31, B2), write d = 31 — 3», and similarly to (C.3) and (C.4),

K

D(B1,B2) := (VOu(B) ~ VOB, B1 = B2) = — > (@]8)1, (G.19)
nh i=1

where with slight abuse of notation, 1, is the indicator function of the event
E; = {leil < h/2} n{Kzi, B2 — B < h/4) N {lz; 8] < |I10]lx - h/(4r))},

on which max{ly; — ;B31l,[y; — =/ B2l} < h for all B; € B2 + Bs(r). In addition to the function ¢g
introduced in the proof of Lemma 4.2, we further define

¢r(u) = L(jul < R/2) +{2 = (2/R) sign(u)}1(R/2 < |u| < R),
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which is a smoothed version of the indicator function u — 1(Ju| < R) and satisfies 1(ju| < R/2) <
dr(m) < 1(Ju| < R). Consequently,

1 n
D(B1,B2) = - 110l1% - — Z/\ﬁ - onyan(@; 0/11011)pna((xi, B2 — B7))
i=1

=:Do(B1.32)
=« - 1015 - {EDo(B1, B2) + Do(B1, B2) — EDo(B1, B2)}, (G.20)

where y; = 1(|lg;| < h/2). Provided h < fi/(2]p), the earlier result (C.7) implies
7fih/8 < E(yilx;) < 9f,h/8 almost surely.

To bound the mean EDy(31, 32) from below, applying (C.7) and inequalities @g(u) > u?1(|u| <
R/2) and ¢r(u) > 1(Ju| < R/2) yields

Elxi - onjan (@' 8/116l1)pna((x, B2 — B™))}
7
> gﬁh E{@n/an(@"8/110l2)dns(x, B2 — B}

|

> —fih (1 = B{&5 Ligsnsisn ) — BIES L 8y iohr8) )

oo

where &5 = x"d/||6]|x is such that Effs = 1. Under Condition (B3’) with v; > 1, for any € R” and
u > 0 we have

E{fgﬂ(lf,;l >u)} < 2le 2 4 4v% f te 12 dr = (2u2 + 4v%)e_“2/2”%.

ufv

Moreover, for 3, € 3* + Bx(r/2),

* _12 2
E{E2 Lz po-pryshys) < (B PP((z, Bo — B > h/8)'? < 4 V22 /BUIn”,

where we have used the fact that Efg < 161/1‘. From the above three moment inequalities, we find
that as long as 24U%I” < h, or equivalently, #/(8r) > 3v%,

EDO(Bl’/BZ) > 066fl for all ,61 S ,62 + BE(F) and ,32 S ,6* + BE(F/Z) (GZl)

To bound |D0(/81’B2) - EDO(ﬂhBZ)l uniformly over (Ble /32) € A(I’, l) = {(ﬂly /32) : B €
Bi +Bx(r) N Cx(), 32 € B* + Bx(r/2), supp(32) € S}, define

Qr,)= sup  {=Doy(B1,82) + EDo(B1, B2)}-
(B1.BEN])

Write D()(,B] s ,82) =(1/n) Z?:l a)g,ﬁz(aci, &;), where
wg, 3, (i, &) = (xi/h) - onjan (] 6/10ll)Pn/a( i, B2 — B)).
Note that (1) < (R/2)|u| and ¢g(u) € [0, 1]. Then, for h < f;/(2ly),

0 < wg, g,(@i,8) < @) -h and Bwp 4 (xi, &) < (8r) - 9f,h/8.
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Again, using Bousquet’s version of Talagrand’s inequality yields that, for any ¢ > 0,

9ful8 + 2EQ(r, ) 2ht h t

Q1) <EQ(r, 1) + \/

(87)? . (82 3n
5 3 [fht 13 ht
< 2EQ(r D) + — 4/ DM G.22
< B D F 1N 2 T 3 B (G-22)

holds with probability at least 1 —e™". To bound EQ(r, [), we proceed with a different method to that
in the proof of Lemma 4.2. Using symmetrization with Rademacher random variables and by the
connection between Gaussian and Rademacher complexities (see, e.g. Lemma 4.5 in Ledoux and
Talagrand (1991)), we obtain

Esz(r,l)sz-\/E -E{ sup Gﬂlﬁz}, (G.23)
2 (B1.BreAw)

where Gg, g, 1= (nth)™' T, gixi - @njan (@l 6/1168l2)Pn/a((i, B2 — B*)) with & = B1 — B2, and g;
are independent standard normal random variables that are independent of the observations. Let
E* be the conditional expectation given {(y;, x;)}_,. Note that {Gg, g, }(3,,8,)eA() 18 @ (conditional)
Gaussian process and Gg-g- = 0. We then apply the Gaussian comparison theorem to bound
E¥{supg, g,)eacr) Gp1.8, 1, from which an upper bound for E{sup g, g,)ea(r1) G8,.8,} follows imme-
diately. For (81, 82), (8], 835) € A(r, 1), write § = 31 — 3 and 8" = 3] — 3;. Consequently,

Gg..6, — Gp;.8, = Gp..6. — Gpy+s.8, + Gpy+6.8, — Gp;.8,

1 n
= Z giXi - njan) (@ 6 /10l Pnja(xi, B2 — B™)) — dnja(zi, B — B}
P
1 n
+ Z giXi - dnja{xis By — B M enyar(@;6/1101ls) — onjan(x; 8’ /110"|I5)}.
p

Note that ¢z and @ are, respectively, (2/R)- and R-Lipschitz continuous, and ¢g(u) < (R/2)>.
Consequently,

E"(Gg, s, — Gpyro3,)

S . A VR L o 1 PR (<P
=2 . (81’)4 h ir 92 ) Xi = 8721 Z i» 92 2/ Xi .
and
E*(Gg+s.8 — Cp )" < ! Zn:{goh/(4r)(a:T6/||5||g) — onjan (@8 /18" 1I) xi
2T 1’72 (nh)z — 1 i

1 2 C !’ ’
< (5] D (ato/10ls - 28 1612 xe G25)
rn -

Motivated by (G.24), (G.25) and the inequality

* 2 * 2 * 2
E'(Gg,.8, = Gg;.8,)" < 2E"(Gp, .8, — Gp;+6.,8;,)" + 2E"(Gp;16.,8, — Gp;.8;)"
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we define another Gaussian process {Zg, 3, }(3,,8,)eA(r]) a8

\/E L , « \/E < N<wlvﬁl 52>
2, B, = % Zgi<mi’52 —B i+ 4rn Zgi 181 — ﬁzllz

i V20 @ =By
Z(&-’st,(ﬁz B s + ;g, 181 - Balls *

such that E*(Gg, g, — Gﬁfl,ﬁé)z < E*'(Zg, 8, - Z@;ﬂé)z, where g/,¢7,...,g,, &, areiid. standard
normal random variables that are independent of all the other variables. Applying Theorem 7.2.11
in Vershynin (2018)—Sudakov-Fernique’s Gaussian comparison inequality, we obtain

E*{ sup Gﬂlﬂz} < E*{ sup Zﬁlﬂz}’ (G.26)
(B1,B2)eA(r]) (B1,B2)eA(r])

which remains valid if E* is replaced by E. To bound the supremum of Zg, 3, over (31, 32) € A(r,1),
using the cone-like constraint ||3; — B2l < l]|31 — B2lls and B, € B* + Bx(r/2), we deduce that

V21|11 &
E sup } < H S'2x;s —EH— g’-/)('w-H
{wlﬂz)eA(rl) 16r s s, ”; B =
«/‘ 9fuhs V21 21, H
_ g’.’)(ia:,- . (G27)
16r 8 n 4r nizz1 ! o0

This, combined with (G.23), (G.26) and (G.27), yields

3 h
EQ(r, 1) < \E{— ul > (max

16 21’211 1<j<p

Z 2iXi%ij )} (G.28)
n

It remains the bound the second term on the right-hand side of (G.28). Write S ; = 37" | g;x;x;; for
j=1,...,p. Under Condition (B3’), foreach 1 < j < p and k > 3 we have

Bl < 2050’2k f A1 dr = 22 ot Pk (K /2).
0

Let g ~ N(0,1) be independent of . By the Legendre duplication formula I'(k)['(k + 1/2) =
212k \[x T'(2k), we have

k2 k/zkl“(k/2) 2Uko_k/zk,

(k+1)
Elnglk <ok2_~ 27 V-
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Also recall that E(y;|lx;) < ¢, := 9f,h/8. Hence, for any 0 < A < (21110';.]/.2)_1,
Ee'sxii = 1 + lAZE(N )+ i /l—kE( x )
T AT L e
1 2 o A 2 ¢
<1+ Echcrjj/l + 26;,;:2: @Ul o ;20!

1
=1+ Echa'jj/l2 + 2cp Z v%ga'e 2%t
=2

1
<1+ 2v chO'HZ/lev 0'1/2)" 2
k=2
1 U%ChO'jj/lz
S 1 + _—1/2.
21- 2U10'jj A

It then follows that log Ee®S/ < %f;c—hmn for any A € (0, (21}10

bound applies to —S ;. Applying Corollar]}]/ 2.6 in Boucheron, Lugosi and Massart (2013), we obtain

| fuhlog(2 2log(2
(max Znglxlj) E max |S i/n| < Ulo—:c{ fuhlog( [9) og( p)} (G.29)
1<j<p|n i<p 2 n n

Finally, take r = h/ (2411%). Combining (G.28), (G.29) with the concentration bound (G.22), we
conclude that with probability at least 1— p~ 1, Q(r, 1) <0.16f; as long asnh > f, fl‘2 max{s, * log(p)}.
This, together with (G.19), (G.20) and (G.21), proves the claim. O

i 2) ). By symmetry, the same

G.8 Proof of Lemma E.3

Let wh(ﬁ) VQh(,B) VQ;(B) be the centered score function as in (4.10). From the decomposition
VOK(B) = wi(B) — wi(B*) + VOR(B™) + wy,(B*), we have

w2 eo < [wA(B°™) = wi(B")lleo + IV QKB oo + 10 (B)lco-

For [lw;,(8")llee = lw}lee, applying Lemma C.2 to |lw and ||lw} .|| separately, we obtain that

sl s

the following bounds

. log(2s) + t . log(2p)
lwy, sllo S \/gT and [[w; gllo < 0 gn P (G.30)

hold with probability at least 1 — e~ and 1 — (2p)~!, respectively, provided n > log(2p) + ¢.
In the following, we control the other two terms ||wy(3°?) — wi(B")|le and [|[VOL(B°)||co,
separately, via empirical process arguments. The main difficulty is that the oracle 3° is also random

and does not have a closed-form expression like the least squares estimator.

Step 1: Bounding ||w;,(8°%) — wy(8%)lle. Define the oracle local neighborhood @ s = {8 €
B+ Bx(r) : Bsc = 0}. Conditioned on the event { ,60“ € 3* + Bx(r)},

wa(B%™) — wa(B e < sup  [[wa(B) — wa(B)llw. (G.31)

BeO(r)
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For j € [p], let e; € R” be the canonical basis vectors in R”. For every 8 € ©(r), write 4 =
(8 — B")s € RY, and note that |3 — 8%||s = ||d]ls, where S = Xss. Hence,

sup [lwp(B) — wi(B)llo < oz max sup [W;(d), (G.32)

BeO(r) 1<j=p 1|5 <r
where W;(8) = (1/n) ZiL, (wij = Bwi), wij = Xij(K (@5, 8) = £)/h) = R(=s:/1)} and %ij = x;j/o )
We will apply a concentration result for empirical processes in Spokoiny (2012) to bound the
local fluctuation supys,<, W;(8). To this end, we need to control the exponential moments of W;(8).

Note that

(@15, 8) - -
E{K(W)‘“’}: f R((i.5.8) = 1)/h) ot (1) dt

=h f ) K(W) foa, (1,5, 6) — uh) du

(%)

= foo F€;|:I:[(<wl',S’ 6) - Mh)K(l/t) du.

Similarly, E{K(—&;/h)|z} = f_ O:o F e, (—uh)K(u) du. Under Conditions (B1”) and (B2’), we have
lwijl < h_llfc,-j@[’s, 0)| and [E(w;))| £ f,ElX;i(z;is, 0)| < fulldlls. Moreover, by Minkowski’s integral
inequality, it can be shown that

E(wila) < fuh™ #(ais, 0)°.
The above bounds together imply
B{(wij — Bwij)’laei} < 2(f71I8115 + fuh™ X (@5, 6)°).

Forevery A € Rand 6 € R®, write A, = A/||d]|ls and d.. = 6/||d]ls. Then, by the elementary inequality
le" — 1 — u| < (u?/2)e"V?, we obtain

n
EeAWi(@)/18ls _ nEe%wﬁ—Ewm
i=1

. A R
< l_l E{l * 2_;12(“’:1/ — Bw;j)*e n Mi Ewul}
i=1

L 22 ik A=
< l_[{l 5 *2 T Ewij)zerﬂllx"f(m"*s’a*)l}
g n
22 W Wz 0 A Wlfic
< ﬂ{l 4 fu Du g o wi(@is 0] _fu VER (@i, 8.) e i@is. M} (G.33)
n?

Applying Holder’s inequality to the exponential moments on the right-hand side of (G.33) yields
that, for any ¢ > 0,

BR (@5, 0.2 @00 < B ™) - (Bl s, 0.0 s 07!

and

Ee/lt@is 0 < (Be'¥i)!/2 . (Be!®is0h)1/2,
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For any unit vector u € SP71 let Z,, = (zTu)z/(4v%), where z = 3712, By Condition (B3’),
P(Zy, > u) < 2e~2" for any u > 0. It can be shown that

Ee?w =1 + f ¢"P(Zy > u)du <3 and EZZe* = f (U? + 2u)e"P(Zy, > u)du < 8.
0 0

Substituting the above moment bounds into (G.33), we find that for any |1| < min{nh/ (4v%), n/ ful,

n
EetVi)/18lls < l_[ {1 + Cv?fu/(nzh)} < eCUi‘fu/(nh),
i=1

where C > 0 is an absolute constant. Similarly, it can be derived that for each pair (9, d"),
Ee Wi @-Wi@NN6=8lls < (CoL/h) for a1l || < min{nh/(403), n/f,).

The above inequality certifies condition (Ed) in Spokoiny (2012) (see Section 2 in the supplement),
so that Corollary 2.2 therein applies to the process {W;(d) : [|0]ls < r}: with probability at least

—U
1-e,

12 S+u

sup (wi(B) — wi(B"). €)= sup Wi(8) s vif,Porar [ —=.
BeO(1) lI8lls<r n

provided nh 2 (s+u)'/%. The same bound applies to sup;sjs<r —W;(0) by a similar argument. Taking
u = 2log(2p) in (G.32), and using the union bound, we obtain

. s+ 1o
sup [[wi(B) — w(B oo < Tt 4| % (G.34)
Be®(r) n

with probability at least 1 — (2p)~! provided nh 2 (s + log p)!/2.

Step 2: Bounding ||VQ;,(§°“‘)||<X,. As before, we write 6 = (3 — 3%)s for 3 € ©(r). In face, since
the oracle score is such that wzrg = 0, it suffices to bound ||VQh(’B§°r‘ﬂ‘)3c||oo instead. Similarly to
(B.5), we have [[VQ;,(83")lle < 0.5lpka0-h*. For any 3 € ®’(r), note that

(o)

VOu(B)s: = VOB )se = Ef KW Feje(x g0 — uh) — Feg(—uh)} du - xse.

—00
Using the Taylor series expansion twice, we get

T
T ;0

Felw(mfg(s - uh) - Fslz(_uh) = falw(o) : ZBTS‘(S + f {fslw(t — hu) - falw(o)} dr.
0
Together, the last two displays imply
[VOL(B)s: = VOB s — Jsesd|
< 0.5]y max 1E|)cj|(.'1:TS(5)2 + kth max E|x;z 0|
jese© jese

1/2

< 0.5lo4}

2
o2lldllg + lokiozhlldlls,

where Jscs = E{ frjz(0)Tscxs) € R(P=9%s_Putting together the pieces, we have shown that condi-
tioned on {3°® € B* + Bx(r)},

[VOL(B ™) s — Js:5(B — B)s|., < 0.5l00 (> + 261hr + kah?). (G.35)
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It remains to control ||J SCS(Bora — 3%)slle, which is closely related to the {-error of the oracle
estimator. By (4.26),

[35es(B° = B, = [[TsesWss) Tss(B - Bs|..
< rjré?c( 13sss) MM - ITss(B” = B )slleo < Ao - Wss(B™ ~ B)sllco- (G.36)

Next we derive a sharper bound for the oracle error (E"m — B*)s under £ -norm, instead of using
the trivial bound [|Jss(8°® — 8")slle < IJss5(B°* — B%)sll2. By Proposition 4.3,

— i o s+t
(B = BM)slls < /i ]( e + hz)
g S+1 S+t
S+ hy|— + 1
g1 h'%n n

— . 1 _

I‘D(ﬂora -B)s + P Z {K(=¢i/h) - T}xis
i=1

hold with probability at least 1 — 3e™!, where D = Jss. The latter, combined with an earlier bound

in (G.30), implies

and

=VOi(B)s

ID(B™ - 35l

<D™ - B%)s + VOB )slleo + IV O1(B)sllo

<D™ ~ B)s + VO(B)sll2 + 1w, gl + IVOR(B")sllos

<192 - DB - B)s + VOB )slis1 + I1w], glleo + IVOR(B )slloo

1
PV RN A L E] (G.37)
n hl/2n n

Combining the bounds (G.30), (G.31), (G.34), (G.35), (G.36) and (G.37), we find that, with
probability at least 1 — p~! — 4e™,

Y log(2 1
”VQh(Bora)”oo S \/@+AO \/m_i_ s+ " h2
" n h'/n

provided that /(s V log p + t)/n < h < 1. This proves (E.7).
Note that the ¢s-error bound (G.37) does not imply the desired bound on ||[(3°? — 3%)slle

directly. Using the same arguments, we obtain

1B = B)slleo
< I8 - B%)s + D™'VOL(B )slleo + IDVOH(B) sl
<18 = B")s + D™'VOL(B sl + ID™'w; glloo + D™ VOLBslloo
< [y DB - B%)s + VOR(BY)slls -
+ID™ w; glleo + £ 7592 - 1872V OB s 2,
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where we have used the fact f; - y5(S) < y4(D) < y1(D) < £, - v1(S). By (B.5), ISTV2VQ,(B8%)sll» <

0.5lpk2h?. For D~ 'w note that

£
sl

1 v _
-1, % —1/2 121
I ] gl = max |- ;:1(1 —B){K(~&i/h) - TS @ 5,8'? D7),

where e;’s are canonical basis vectors in R®, and satisfy IISI/ZD_lejllz < fl_l)/s(S)_l/z. Following

the proof of Lemma C.2, it can be similarly shown that, with probability at least 1 — e~,

I +t
D! (o 5 o 2D
i n

Putting together the pieces yields the stated result (E.8). O

G.9 Proof of Lemma F.1

The proof parallels that of Lemma E.3, and therefore we only provide an outline of the proof. Recall

that w)™ = VOB, wi(B) = VQh(ﬁ) VOi(B) and VO,(B,) = 0, where Qi(8) = EQn().
From the decomposition VQh(,Bom) = wh(ﬁora) —wp(B;) + VOi(B°™) + wp(B,) we see that

w2 eo < [wA(B°™) = wi(Bp)lleo + IV QKB oo + 1w (BE)llco-

In fact, since Véh(a‘”a)s = 0, essentially we only need to control [|(w)™)s¢|co-
To bound [[wp,(B;)llw, treating wy(B;)s € R® and w;,(B;)s: € RP™ separately, it can be shown
that as long as n > log(2p) + ¢,

. log(2s) + ¢ ) log(2p)
||wh<ﬂ,,>s||mso—m/% and (Bl < oy oL (G.38)

hold with probability at least 1 —e¢™" and 1 — @p), respectively. Turning to IIwh(,@)ra) = wi(B))llcos

following the proof of (G.34) it can be similarly shown that with probability at least 1 — (2p)~",

sup  0n(B) — wi(B ke 5 ar | B

(G.39)
Be®; (1) nh

provided nk 2 (s + log p)!/2, where @ hs() ={B € B, +B=(r) : Bse = 0}.
It remains to bound IIVQh(,Bora)SLIIOO. Write § = (8 — B;)s for B € O] (r), and note that

VOu(B) - VOu(B,) = Ej: Ku){Fe(x g0 + by — uh) — Fe(by, — uh)} du - .

=0
A Taylor expansion with integral remainder leads to
Fo(x 40 + by, — uh)

zgé
= Fe(by — uh) + fo(by — uh)x 50 + f {fe(t + by — uh) — fe(by, — uh)} dt
0
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Noting that [ K(u)fs(by — uh)du = [ Ku(by — 1) f:(t) dt = EKy(by, — €) = m” (by), it follows that
., I l
IV0MB)s: = m"(b) - Bisslls < 5 max Bllsi@sd)’) < Su "o IOIR:
Conditioned on the event {||3°* — B, lls < r}, this implies

Y ’” Y * l
IVOL(B™™)selloo < m” (1) - 12 5e5(B° = B)slleo + 5%}/ 2oar’. (G.40)

Next we bound ||X s S(E"ra — B;)sll using the Bahadur representation in Proposition A.2. Recall
that D, = m” (b,)S and S = X gg, we have

m (b Eses(B” = Bpslleo = 1B5:58™ DB = B)sllo

< max IZ5(Zs5) " lli - IDL(B™ = B)sllee < ALIDH(B™ = B))slleos

where the last step is due to condition (A.4). In view of Proposition A.2, we write Dh([/i\Ora -B))s =
—wp(B;)s + Tn, where 7, € R is the remainder of the Bahadur representation. Together, (G.38)
and Proposition A.2 imply that with probability at least 1 — 4e™",

IDA(B™™ = B)slleo < 1wn(B)slleo + lITnllo

. . _ log(s)+t s+t
< llwon(B)slle + lrallz < wn(Bslleo +71(8) IS rylly < 4| 2 ——+ o (G4

and

(8% - BD)slis < STH (G.42)

provided that /(s + 1)/n < h < 1. Combining (G.38)—(G.42) proves (E.8).
Back to oracle estimator, from the previous decomposition we have

137 = Billeo = (8% = B7)slleo
< (8% = B))s + D; ' wi(B)slleo + D} wi(B5)slleo

_ 1 .
V2112 + IS~ wi(B])slloo-

1
<—|IS
m’” (by) ws<S)” m” (by)

Analogous to the first bound in (G.38), the {,-norm of S‘lwh(,BZ)S € R’ can also be bounded as

1
1S wn(BD)slleo < \/%)”

with probability at least 1 — e~!. Combining this with (A.3) proves (E.9). |
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